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Abstract
For a connected graph G of order n¿3 and a set W ⊆V (G), a tree T contained in G is a
Steiner tree with respect to W if T is a tree of minimum order with W ⊆V (T ). The set S(W )
consists of all vertices in G that lie on some Steiner tree with respect to W . The set W is
a Steiner set for G if S(W ) = V (G). The minimum cardinality among the Steiner sets of G
is the Steiner number s(G). Connected graphs of order n with Steiner number n, n − 1, or 2
are characterized. It is shown that every pair k; n of integers with 26k6n is realizable as the
Steiner number and order of some connected graph. For positive integers r; d; and k¿2 with
r6d62r, there exists a connected graph of radius r, diameter d, and Steiner number k. Also,
for integers n; d; and k with 26d¡n, 26k ¡n, and n− d− k + 1¿0, there exists a graph G
of order n, diameter d, and Steiner number k. For two vertices u and v of a connected graph G,
the set I [u; v] consists of all vertices lying on some u–v geodesic in G. For U ⊆V (G), the set
I [U ] is the union of all sets I [u; v] for u; v ∈ U . A set U is a geodetic set if I [U ] =V (G). The
cardinality of a minimum geodetic set is the geodetic number g(G). It is shown that g(G)6s(G)
and that for every two integers a and b such that 36a6b, there exists a graph G of radius r
and diameter d such that d= r+1, g(G) = a, and s(G) = b. c© 2002 Elsevier Science B.V. All
rights reserved.
MSC: 05C12; 05C05
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1. Introduction
The distance d(u; v) between two vertices u and v in a connected graph G is the
length of a shortest u–v path in G. A u–v path of length d(u; v) is called a u–v geodesic.
We refer to the book [1] for notation and terminology on graph theory. For vertices
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Fig. 1. Graphs with geodetic numbers 2 and 3.
u and v in a connected graph G, the closed interval I [u; v] consists of of all vertices
lying on some u–v geodesic of G, while for U ⊆V (G),
I [U ] =
⋃
u;v∈U
I [u; v]:
A set U of vertices of G is deDned in [3] to be a geodetic set if I [U ] = V (G). A
geodetic set of minimum cardinality is a minimum geodetic set and this cardinality
is the geodetic number g(G). Certainly, 26g(G)6n for every connected graph G of
order n. The graph G1 of Fig. 1 has geodetic number 2 as S1 = {w1; y1} is the unique
minimum geodetic set of G1. On the other hand, each 2-element subset S of the vertex
set of G2 has the property that I [S] is properly contained in V (G2). Thus, g(G2)¿3.
Since S2 = {u2; v2; x2} is a geodetic set, g(G2) = 3.
The closed intervals in a connected graph G were studied and characterized by
NebeskHy [11,12] and were also investigated extensively in the book by Mulder [10],
where it was shown that these sets provide an important tool for studying metric
properties of connected graphs. The geodetic number of a graph was introduced in
[1,8] and studied further in [3,5,6]. It was shown in [8] that determining the geodetic
number of a graph is an NP-hard problem. Closed intervals and geodetic numbers of
digraphs were introduced and studied in [7].
Generalizations of distance and geodesics were introduced in [4]. For a nonempty
set W of vertices in a connected graph G, the Steiner distance d(W ) of W is the
minimum size of a connected subgraph of G containing W . Necessarily, each such
subgraph is a tree and is called a Steiner tree with respect to W or a Steiner W-tree
(see [9]). For a given set W ⊆V (G), there may be more than one Steiner W -tree in G.
In fact, it may occur that T1 and T2 are Steiner W -trees with V (T1) = V (T2); however,
of course, W ⊆V (T1) ∩ V (T2). The set of all vertices of G that lie on some Steiner
W -tree is denoted by S(W ). If S(W ) = V (G), then W is called a Steiner set for G.
A Steiner set of minimum cardinality is a minimum Steiner set and this cardinality is
the Steiner number s(G). For the graph G of Fig. 2, let W = {u; v; w}. The trees T1,
T2, and T3 are distinct Steiner W -trees of order 5. Since S(W ) = V (G) and there is
no 2-element Steiner set of G, it follows that s(G) = 3. Since every connected graph
G contains a spanning tree, V (G) is always a Steiner set for G. Therefore, if G is a
connected graph of order n¿2, then 26s(G)6n.
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Fig. 2. A graph and three Steiner trees.
For vertices u and v in a connected graph G, let W = {u; v}. Then every Steiner
W -tree in G is a u–v geodesic. Furthermore, S(W ) = I [u; v]. Hence Steiner trees, sets,
and numbers can be considered as extensions of geodesic concepts. In the graph G of
Fig. 2, since W is also a minimum geodetic set of G, it follows that g(G)= s(G)= 3.
Thus, Steiner sets and numbers give us an alternative way of studying the structure of
graphs by means of distance.
2. Some results on the Steiner number
A vertex v is an extreme vertex if the subgraph induced by its neighbors is complete.
Thus, every end-vertex is an extreme vertex. We present a useful lemma.
Lemma 2.1. Each extreme vertex of a graph G belongs to every Steiner set of G.
In particular; each end-vertex of G belongs to every Steiner set of G.
Proof. Assume, to the contrary, that G contains an extreme vertex v and a Steiner set
W such that v ∈ W . Since S(W ) = V (G), there exists a Steiner W -tree T such that
W ⊆V (T ) and v ∈ V (T ). Let degT v = k. Of course, the result is trivial for k = 1;
so let k¿2. Let NT (v) = {u1; u2; : : : ; uk} be the neighborhood of v in T . Since v is an
extreme vertex, it follows that uiuj ∈ E(G) for all i; j with 16i; j6k − 1 and i = j.
Let T ′′ be the tree in G obtained from T by deleting the vertex v and adding the k−1
edges uiui+1 (16i6k − 1). Then W ⊆V (T ′′) and |V (T ′′)|= |V (T )| − 1, which again
is a contradiction.
By Lemma 2.1, if G is a connected graph of order n with p extreme vertices, then
max{2; p}6s(G)6n:
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The following corollary is an immediate consequence of Lemma 2.1.
Corollary 2.2. Every nontrivial tree with exactly k end-vertices has Steiner
number k.
Since every vertex of the complete graph Kn (n¿1) is an extreme vertex, the vertex
set of Kn is the unique Steiner set of Kn. Thus Kn has Steiner number n. In fact, the
complete graphs are the only connected graphs of order n¿2 with Steiner number n.
In order to show this, we present the following theorem. We denote the connectivity
of a graph G by (G):
Theorem 2.3. If G is a connected noncomplete graph of order n; then
s(G)6n− (G):
Proof. Let (G)=k. Since G is connected but not complete, 16(G)6n−2. Let U=
{u1; u2; : : : ; uk} be a minimum cutset of G, let G1; G2; : : : ; Gr (r¿2) be the components
of G−U , and let W=V (G)−U . Then every vertex ui (16i6k) is adjacent to at least
one vertex of Gj for every j (16j6r). Therefore, every vertex ui belongs to a Steiner
W -tree, implying that W is a Steiner set and, consequently, s(G)6|W |=n−(G):
The following corollaries are consequences of Theorem 2.3.
Corollary 2.4. Let G be a connected graph of order n¿2. Then
s(G) = n if and only if G = Kn:
Since the complete graphs Kn of order n¿2 are the only graphs having geodetic
number n, it follows that s(G) = n if and only if g(G) = n.
Corollary 2.5. Let G be a connected noncomplete graph and let S be a minimum
vertex cutset such that the components of G − S are G1; G2; : : : ; Gr (r¿2).
(a) There exists a Steiner set W of G such that S ∩W = ∅.
(b) Every minimum Steiner set containing no vertex of S contains at least one vertex
of every graph Gi (16i6r).
(c) No cut-vertex of G belongs to any minimum Steiner set of G.
In [2] Buckley, Harary, and Quintas characterized those connected graphs G of order
n with g(G) = n− 1 as follows.
Theorem A. Let G be a connected graph of order n¿3. Then g(G) = n − 1 if and
only if G = K1 +
⋃
mjKj, where
∑
mj¿2.
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According to Theorem A then, a connected graph G of order n¿3 has geodetic
number n − 1 if and only if G contains a cut-vertex v of degree n − 1 such that
every component of G − v is complete. We now present a similar but less restrictive
characterization of connected graphs order n¿3 having Steiner number n− 1.
Theorem 2.6. Let G be a connected graph of order n¿3. Then s(G) = n− 1 if and
only if G contains a cut-vertex of degree n− 1.
Proof. First, assume that G contains a cut-vertex v of degree n− 1. By Theorem 2.3,
s(G)6n− 1. Let W be a minimum Steiner set of G. By Corollary 2.5, v ∈ W and W
contains at least one vertex in each component of G. Thus every Steiner W -tree of G
is a star centered at v whose end-vertices are elements of W and so S(W ) =W ∪ {v}.
Since S(W ) = V (G), it follows that W = V (G)− {v} and s(G) = n− 1.
For the converse, let G be a connected graph of order n¿3 with s(G) = n− 1. By
Theorem 2.3 and Corollary 2.5, G contains a unique cut-vertex v and so W=V (G)−{v}
is the unique minimum Steiner set of G. It remains to show that v is adjacent to every
vertex in W . Assume, to the contrary, that there exists a vertex u ∈ W such that
uv ∈ E(G). Let G1 be the component of G − v containing u, let X1 be the set of
vertices in G1 that are adjacent to v, and let W1 =W − X1. Since |W1|¡ |W |= s(G),
it follows that S(W1) = V (G). Let Y1 = V (G1)− X1 = ∅. We consider two cases.
Case 1: Every vertex of X1 is adjacent to some vertex in Y1.
Let H1; H2; : : : ; Hk be the components of the subgraph 〈Y1〉 induced by Y1. If every
vertex of X1 is adjacent to some vertex of Hi for every i (16i6k), then each vertex of
X1 belongs to some Steiner W1-tree and so S(W1) =V (G), a contradiction. Otherwise,
k¿2 and there exists some vertex x1 ∈ X1 that is adjacent to no vertex in Hi for some i
(16i6k). Let W2=W1∪{x1}. Now relabel the components of 〈Y1〉 if necessary so that
H1; H2; : : : ; Ht1 (t1¡k) are the components of 〈Y1〉 containing no vertex adjacent to x1.
If every vertex in X2=X1−{x1} is adjacent to some vertex of Hi for every i (16i6t1),
then every vertex of X2 belongs to some Steiner W2-tree and so S(W2) = V (G). Since
s(G)6|W2|¡ |W |, a contradiction is produced. So there exists x2 ∈ X2 such that x2 is
not adjacent to any vertex in Hi for some i (16i6t1). Let W3=W2∪{x2}=W1∪{x1; x2}.
Again, relabel the components Hi (16i6t1) so that H1; H2; : : : ; Ht2 (t2¡t1) contain
no vertex adjacent to x2. We repeat this procedure for the set X3 = X2 − {x2}. Since
G is connected, there exists an integer p with 16p6|X1| − 1 such that every vertex
in Xp+1 =X1−{x1; x2; : : : ; xp} is adjacent to some vertex in Hi for every i (16i6tp).
Let Wp+1 =W1 ∪ {x1; x2; : : : ; xp}. Then every vertex of Xp+1 belongs to some Steiner
Wp+1-tree, implying that Wp+1 is a Steiner set of G. So s(G)6|Wp+1|¡ |W |= n− 1,
which is a contradiction.
Case 2: There exists a vertex of X1 that is adjacent to no vertex in X2.
Let X1=X11∪X12 with X11={u1; u2; : : : ; ua} and X12={v1; v2; : : : ; vb} such that every
vertex in X11 is adjacent to some vertex in X2 and no vertex in X12 is adjacent to any
vertex in X2. Then |a|¿1 and |b|¿1. Let G′=G−X12. Then the order of G′ is n−b.
Applying the argument used in Case 1 to G′, we obtain a minimum Steiner set W ′ of
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G′ with |W ′|6n− b− 2. Now W0 =W ′ ∪X12 is a Steiner set of G. Since |W0|6n− 2,
we have a contradiction.
At the other extreme are connected graphs of order n¿2 having Steiner number 2.
For a vertex v of G, the eccentricity e(v) is the distance between v and a vertex farthest
from v. The minimum eccentricity among the vertices of G is its radius, denoted by
radG, and the maximum eccentricity is its diameter, denoted by diamG. Two vertices
x and y are antipodal if d(x; y)=diamG. A graph G has two antipodal vertices x and
y such that every vertex of G lies on some x− y geodesic if and only if the geodetic
number of G is 2. Indeed, we have the following result, which we state without proof.
Theorem 2.7. Let G be a connected graph of order n¿2. Then s(G) = 2 if and only
if g(G) = 2.
This gives us the Steiner number of the n-cubes Qn, for example.
Corollary 2.8. For n¿3; s(Qn) = 2.
Among other classes of graphs having equal geodetic and Steiner number are trees
and cycles.
Theorem 2.9. (a) For every nontrivial tree T; g(T ) = s(T ).
(b) For every cycle Cn of order n¿3; g(Cn) = s(Cn).
We have seen that 26s(G)6n for every connected graph G of order n¿2, that the
complete graph Kn has the largest possible Steiner number n, and that the nontrivial
paths have the smallest possible Steiner number 2. Certainly, for each pair k; n of inte-
gers with 26k ¡n, there exists a tree of order n with k end-vertices. This observation
together with Corollary 2.2 provides us the following realization result.
Corollary 2.10. For every pair k; n of integers with 26k6n there exists a connected
graph G of order n such that s(G) = k.
For every connected graph G, radG6diamG62 radG. Ostrand [13] showed that
every two positive integers a and b with a6b62b are realizable as the radius and
diameter, respectively, of some connected graph. Ostrand’s theorem can be extended
so that the Steiner number can be prescribed as well.
Theorem 2.11. For positive integers r; d; and k¿2 with r6d62r; there exists a
connected graph G with
radG = r; diamG = d and s(G) = k:
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Fig. 3. A graph G with rad G = diamG = 3 and s(G) = 4.
Proof. For r = 1, G =Kk or G =K1; k has the desired properties according to whether
d is 1 or 2, respectively. When r¿2, we consider two cases.
Case 1: r=d. If k=2 or k=3, then G=C2r or G=C2r+1 has the desired properties.
So we assume that k¿4. If r=2, let G=Kk;k+1. Then radG=diamG=2 and s(G)=k.
Let r=3. Let the graph G be obtained from the cycle C6 : x; u; y; v; z; w; x by (1) adding
the k − 1 new vertices u1; u2; : : : ; uk−1 and joining these vertices to both x and y, (2)
adding the k−1 new vertices v1; v2; : : : ; vk−1 and joining these vertices to both y and z,
(3) adding the k − 1 new vertices w1; w2; : : : ; wk−1 and joining these vertices to both x
and z, and (4) adding the k − 3 new vertices x1; x2; : : : ; xk−3 and joining these vertices
to u; w and to ui; wi for all i with 16i6k − 1. The graph G is shown in Fig. 3 for
k = 4. Then radG = diamG = 3.
We now show that s(G) = k. Let S1 = {u; u1; u2; : : : ; uk−1}, S2 = {v; v1; v2; : : : ; vk−1},
S3 = {w; w1; w2; : : : ; wk−1}, and S4 = {x; x1; x2; : : : ; xk−3}. Since the set S4 ∪ {y; z} is a
Steiner set, s(G)6k. We show that S4∪{y; z} is in fact the only minimum Steiner set
of G and so s(G) = k. Let W be a Steiner set of G. First, we claim that for each i
(16i64), either Si ∩W = ∅ or Si⊆W . We show this for S1 only since the proofs for
the remaining sets are similar. Suppose that this is not the case. Then we may assume
that u1 ∈ W and u2 ∈ W .
Since W is a Steiner set of G, it follows that u2 lies on some Steiner W -tree T in
G. If u2 is an end-vertex of T , then T − u2 is a W -tree whose size is smaller than
that of T , which is a contradiction. So u2 is not an end-vertex of T . Assume Drst
that su2 and tu2 are two edges of T , where s; t ∈ V (T ). Since T is a tree, at least
one of the edges su1 and tu1 is not in T . If exactly one of su1 and tu1 is not in T ,
say, su1 is not in T , then (T − u2) + su1 is a W -tree whose size is smaller than that
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Fig. 4. A graph G with rad G = diamG = 4 and s(G) = 4.
of T , which is a contradiction. Hence neither su1 nor tu1 is an edge of T . However,
since u1 ∈ W and deg Gu1 = 3, it follows that T contains an edge ru1, where u1 is an
end-vertex in T . If T contains ru2, then (T − u2)+ su1 + tu1 is a W -tree whose size is
smaller than that of T , which is a contradiction. Thus ru2 is not an edge of T and so
degT u2 =2: Therefore, T − u2 contains exactly two components, exactly one of which,
say T1, contains s.
Assume, without loss of generality, that T1 contains r as well. However, (T−u2)+tu1
is a W -tree whose size is smaller than that of T , again a contradiction. Therefore, as
claimed, either S1 ∩W = ∅ or S1⊆W . Certainly, Si is not a Steiner set for 16i63.
Hence no Steiner set of G contains any element in Si for each i (16i63). Thus every
Steiner set is a subset of S4∪{y; z}. Since {y; z} is not a Steiner set, every Steiner set
of G must contain S4. Moreover, neither S4 ∪ {y} nor S4 ∪ {z} is a Steiner set of G.
Consequently, W = S4 ∪ {y; z} is the only minimum Steiner set of G and so s(G) = k.
Next we consider r=4. For each i with 16i6k−1, let Fi : ui1; ui2 and Hi :wi1; wi2 be
copies of P2. Then the graph G is obtained from the cycle C8 : v1; v2; : : : ; v8; v1 by (1)
joining each of vertices ui1 (16i6k − 1) to v1 and each of vertices ui2 (16i6k − 1)
to v4, (2) joining each of vertices wi1 (16i6k − 1) to v6 and each of vertices wi2
(16i6k−1) to v1, (3) adding the k−1 new vertices z1; z2; : : : ; zk−1 and joining these
vertices to both v4 and v6, and (4) adding the k − 3 new vertices x1; x2; : : : ; xk−3 and
joining these vertices to v2, v8 and ui1, wi2 (16i6k − 1). The graph G is shown in
Fig. 4 for k =4. Then radG=diamG=4. An argument similar to the one used when
r = 3 shows that {v1; v4; v6} ∪ {x1; x2; : : : ; xk−3} is a minimum Steiner set of G and so
s(G) = k.
For r¿5, there are two subcases.
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Fig. 5. A graph G with radG = diamG = 5 and s(G) = 5.
Subcase 1.1. k =2p+1¿3 is odd. For each i with 16i62p− 1, let Fi : zi1; zi2; : : : ;
zi;2r−5 be a copy of the path P2r−5. We Drst construct a graph H . Let H be obtained
from the even cycle C2r : v1; v2; : : : ; v2r ; v1 and the graphs Fi (16i62p− 1) by joining
each of vertices zi1 (16i62p−1) to v2r−1 and each of vertices zi;2r−5 (16i62p−1)
to v3. Then the graph G is obtained from H by (1) adding the k − 1 new vertices
x1; x2; : : : ; xk−1 and joining these vertices to v1 and v3 and (2) adding the k − 1 new
vertices y1; y2; : : : ; yk−1 and joining these vertices to v1 and v2r−1. The graph G is
shown in Fig. 5 for r = 5 and k = 5. In general, radG = diamG = r.
Since W = {zi; r−2: 16i62p − 1} ∪ {v1; vr+1} is a Steiner set of G, it follows
that s(G)62 + (2p − 1) = 2p + 1 = k. It remains to show that s(G)¿k. We may
proceed as above to show that no vertices in either X = {v2; x1; x2; : : : ; xk−1} or Y =
{v2r−1; y1; y2; : : : ; yk−1} belongs to any minimum Steiner set and the every minimum
Steiner set W ′ contains exactly one vertex from {zi1; zi2; : : : ; zi;2r−5} for each i (16i
62p− 1). However, if W ′ * W , then, by symmetry, we may assume that vr+1 ∈ W ′,
implying that vr+1 belongs to no Steiner W ′-tree and that W ′ is not a Steiner set,
which is a contradiction.
Subcase 1.2: k = 2p+ 2¿4 is even. Then the graph G is obtained from the graph
constructed in Subcase 1:1 for k = 2p + 1 by adding a new vertex u and joining
u to every vertices in X ∪ Y . The graph G is shown in Fig. 6 for r = d = 5 and
k = 6. An argument similar to the one used in the case r = d = 3 shows that the set
{zi; r−2 : 16i62p−1}∪{u; v1; vr+1} is a minimum Steiner set and so s(G)=2p+2=k.
Case 2: r ¡d. Then we construct a graph G with the desired property as follows.
Let C2r : v1; v2; : : : ; v2r ; v1 be a cycle of order 2r and let Pd−r+1 : u0; u1; u2; : : : ; ud−r be a
path of length d − r. Let H be a graph obtained from C2r and Pd−r+1 by identifying
v1 in C2r with u0 in Pd−r+1. Then we add k − 2 new vertices w1; w2; : : : ; wk−2 to H
and join these vertices to ud−r−1 to obtain the graph G of Fig. 7.
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Fig. 6. A graph G with radG = diamG = 5 and s(G) = 6.
Fig. 7. A graph G with radG = r, diamG = d, and s(G) = k.
Then radG= r and diamG=d: The set W ={ud−r ; w1; w2; : : : ; wk−2} consists of the
k−1 end-vertices of G. Necessarily, W is a subset of every Steiner set in G. However,
since S(W ) =W ∪ {ud−r−1} = V (G); it follows that W is not a Steiner set of G and
so s(G)¿k − 1. On the other hand, S (W ∪ {vr+1}) = V (G): Hence W ∪ {vr+1} is a
Steiner set of G and s(G) = k.
A vertex v in a connected graph G is called a central vertex if e(v) = rad(G),
while the subgraph induced by the central vertices of G is the center C(G) of G. A
graph G is self-centered if C(G) = G. Thus if G is self-centered, then every vertex
of G has the same eccentricity and so radG = diamG. Hence by Theorem 2.11, for
every two integers r¿1 and k¿2, there is a self-centered graph G of radius r having
Steiner number k. For graphs that are not self-centered (and thus r ¡d), the graph G
constructed in the proof of Theorem 2.11 is in fact a graph of minimum order with
the required properties. Under similar conditions, we may simultaneously prescribe the
order, diameter, and the Steiner number of a graph G.
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Fig. 8. A graph G of order n with diamG = d and s(G) = k.
Theorem 2.12. If n; d; and k are integers such that 26d¡n; 26k ¡n;
and n − d − k + 1¿0; then there exists a graph G of order n; diameter d; and
s(G) = k:
Proof. Let Pd+1 : u0; u1; u2; : : : ; ud be a path of length d. We Drst add k−2 new vertices
v1; v2; : : : ; vk−2 to Pd+1 (provided that k¿3) and join these to u1, producing a tree T .
We then add n − d − k + 1 new vertices w1; w2; : : : ; wn−d−k+1 to T and join these to
both u0 and u2, thereby producing the graph G of Fig. 8.
Then G has order n and diameter d. Moreover, the set W = {u0; ud; v1; v2; : : : ; vk−2}
is the unique minimum Steiner set of G. Thus G has the desired properties.
3. The Steiner and geodetic numbers of a graph
We have seen numerous examples of graphs G for which s(G)=g(G). For example,
s(G) = g(G) when G is Kn; Cn, or a tree. Indeed, if we look at the geodetic numbers
of the graphs G constructed in the proof of Theorem 2.11, we Dnd that not only is
s(G) = k, but g(G) = k as well. Thus we have the following corollary.
Corollary 3.1. For each pair r; k of positive integers with k¿2; there is a self-centered
graph G with radG = diamG = r and g(G) = s(G) = k.
It is not diOcult to show, however, that s(Kp;q) = p for 26p6q. It was shown in
[3] that g(Kp;q)=min{4; p}. Thus g(Kp;q)6s(Kp;q). This fact illustrates a more general
statement concerning a general situation about the geodetic and Steiner numbers of a
graph.
Theorem 3.2. Every Steiner set in a connected graph is a geodetic set.
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Proof. Let W be a Steiner set of a connected graph G. It suOces to show that I [W ]=
V (G). Assume, to the contrary, that this is not the case. Then there exists a vertex v
of G such that v ∈ I [W ]. Thus, v ∈ W and v does not lie on any x–y geodesic for
all x; y ∈ W . Since W is a Steiner set of G, there exists a Steiner W -tree T such that
v ∈ V (T ). Certainly, v is not an end-vertex of T . Let x; y ∈ V (T )∩W such that (1) v
lies on an x–y path P in T and (2) P contains no vertices of W−{x; y}. Then P is not
an x–y geodesic in G. Let P′ be an x–y geodesic in G. So P′ contains fewer vertices
than P. Let H be a subgraph of G obtained from T by replacing P by P′. Certainly, H
is the connected subgraph of G. Since P contains no vertices of W −{x; y}, it follows
that W ⊆V (H) and H contains fewer vertices than T . If H is a tree, then T is not a
Steiner W -tree, which is a contradiction. Otherwise, let T ′ be a spanning tree of H .
Thus V (T ′) = V (H) and so W ⊆V (T ′). Since T ′ contains fewer vertices than T , it
follows that T is not a Steiner W -tree, which is a contradiction.
Corollary 3.3. If G is a connected graph; then g(G)6s(G).
A connected graph G is near self-centered if diamG = radG + 1. Next we show
that every pair a; b of integers with 36a6b is realizable as the geodetic number and
Steiner number for some 2-connected, near self-centered graph.
Theorem 3.4. For each pair a; b of integers with 36a6b; there exists a 2-connected;
near self-centered graph G with g(G) = a and s(G) = b.
Proof. For each i with 16i6a − 2, let Fi : ui1; ui2; : : : ; ui5 be a copy of P5. For each
j with 16j6b − a + 2, let Hj : vj1; vj2; vj3 be be a copy of P3. Then the graph G is
obtained from the graphs Fi and Hj by (1) adding two new vertices u and v and then
joining u to the vertices ui1; vj1 for all 16i6a − 2 and 16j6b − a + 2 and joining
v to the vertices ui5; vj3 for all 16i6a − 2 and 16j6b − a + 2 and (2) adding the
a− 2 new edges ui2ui4 for 16i6a− 2. The graph G is shown in Fig. 9 for a=5 and
b= 6.
The graph G is 2-connected. Since radG = 5 and diamG = 6, it follows that G is
near self-centered. Let W1 = {u; v}∪{ui3 : 16i6a− 2} and W2 = {ui3 : 16i6a− 2}∪
{zj3: 16j6b− a+2}. It can be veriDed that W1 is a minimum geodetic set of G and
W2 is a minimum Steiner set of G. Hence g(G) = |W1|= a and s(G) = |W2|= b.
Next, we study which pairs a; b of integers with 36a6b are realizable as the
geodetic number and Steiner number of some self-centered graph. By Corollary 3.1,
if a = b, then there is a self-centered graph G with g(G) = s(G) = a. For a = 3, we
can construct a self-centered graph G with g(G) = 3 and s(G) = b for each b¿3 as
follows.
For each i with 16i6b − 1, let Fi : ui1; ui2, Hi :wi1; wi2 be copies of P2, and Ti :
vi1; vi2; vi3 be be a copy of P3. Then the graph G is obtained from the graphs Fi, Hi
and Ti by adding three new vertices u; v; w and (1) joining each of the vertices ui1,
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Fig. 9. A 2-connected, near self-centered graph G having g(G) = 5 and s(G) = 6.
Fig. 10. A self-centered graph G having g(G) = 3 and s(G) = 4.
wi2 (16i6b−1) to u, (2) joining each of the vertices ui2, vi3 (16i6b−1) to v, and
(3) joining each of the vertices vi1, wi1 (16i6b − 1) to w. The graph G is shown
in Fig. 10 for b = 4. Since radG = diamG = 5, it follows that G is self-centered.
Then W1 = {u; v; w} is a minimum geodetic set and W2 = {u} ∪ {vi2: 16i6b− 1} is
a minimum Steiner set. Therefore, g(G) = 3 and s(G) = b.
In Case 1 in the proof of Theorem 2.11, we used the complete bipartite graphs Kb;p,
where 46b6p, to show that there exist self-centered graphs G having g(G) = 4 and
s(G) = b for all b¿4. We close with a conjecture.
Conjecture 3.5. For every triple a; b; r of integers with 36a6b and r¿3, there exists
a self-centered graph G of radius r having g(G) = a and s(G) = b.
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